Thermodynamics of the Three-dimensional Black Hole with a Coulomb-like
  Field by Larranaga, Alexis & Garcia, Luz Angela
ar
X
iv
:0
81
1.
33
68
v2
  [
gr
-q
c] 
 21
 N
ov
 20
08
Thermodynamis of the Three-dimensional Blak Hole with a Coulomb-like Field
Alexis Larrañaga
Universidad Naional de Colombia. Observatorio Astronómio Naional (OAN) and
Universidad Distrital Franiso José de Caldas. Faultad de Ingeniería. Proyeto Curriular de Ingeniería Eletrónia
∗
Luz Angela Garía
Universidad Naional de Colombia. Departamento de Físia
†
In this paper, we study the thermodynamial properties of the (2 + 1) dimensional blak hole with
a Coulomb-like eletri eld and the dierential form of the rst law of thermodynamis is derived
onsidering a virtual displaement of its event horizon. This approah shows that it is possible to
give a thermodynamial interpretation to the eld equations near the horizon. The Λ = 0 solution
is studied and its interesting thermodynamial properties are ommented.
As is well known, the eletri eld of the BTZ blak hole is proportional to the inverse of r, hene its potential is
logarithmi. If we are interested in a solution with a Coulomb-like eletri eld (proportional to the inverse of r2), we
need to onsider non-linear eletrodynamis. This kind of solution was reported by Cataldo et. al. [1℄, and desribes
harged-AdS spae when onsidering a negative osmologial onstant.
The thermodynamial properties of blak holes are assoiated with the presene of the event horizon. In partiular,
Jaobson[2℄ and Padmanabhan [3℄ established that the rst law in dierential form,
dM = TdS +ΩdJ + ΦdQ, (1)
an be obtained from the Einstein's eld equations by using the idea of a virtual displaement of the horizon. The same
idea was applied by Akbar [4℄ and Akbar and Siddiqui [5℄ to the BTZ blak holes to show that the thermodynamial
interpretation of the eld equations holds for the stati and non-stati BTZ metris in (2 + 1) gravity.
In this paper we investigate the thermodynamis of the three-dimensional blak hole with a nonlinear eletri eld
reported in [1℄, to show that the eld equations inlude the rst law of thermodynamis in dierential form. We also
onsider the Λ = 0 blak hole to show that it has interesting thermodynamial properties.
I. THE BLACK HOLE SOLUTION
The metri reported by Cataldo et. al. [1℄ is a solution of the (2 + 1) dimensional Einstein's eld equations with a
negative osmologial onstant Λ = − 1l2 < 0,
Gµν − gµν
l2
= piTµν , (2)
where we have used units suh that G = 1
8
. As is well known, the eletri eld for a stati irularly symmetri
solution in three dimensions (harged BTZ solution [6℄) is proportional to the inverse of r, i.e.
E ∝ 1
r
, (3)
and therefore, the potential is logarithmi,
A ∝ ln r. (4)
To obtain a dierent eletri eld, Cataldo et. al. used a nonlinear eletodynamis. In the non-linear theory, the
ation I does not depend only on the invariant F = 1
4
FµνF
µν
, but it an be a generalization of it, for example
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d3x
√
|g| (FµνFµν)p , (5)
where p is some onstant exponent. If the energy-momentum tensor is restrited to be traeless, the ation beomes
a funtion of F 3/4, and the stati irularly symmetri solution obtained has the line element
ds2 = −f (r) dt2 + dr
2
f (r)
+ r2dϕ2, (6)
where
f (r) = −M + r
2
l2
+
Q2
6r
. (7)
The eletri eld for this solution is
E (r) =
Q
r2
, (8)
whih is the standard Coulomb eld for a point harge. The metri depends on two parameters Q and M , that are
identied as the eletri harge and the mass, respetively.
A. Horizons
The horizons of this solution are deened by the ondition
f (r) = 0 (9)
or
−M + r
2
l2
+
Q2
6r
= 0, (10)
that an be transformed into a third-order polynomial,
r3 − (Ml2) r + Q2l2
6
= 0. (11)
This polynomial (11) an be written as
r3 + pr + q = 0, (12)
where
p = −Ml2 = M
Λ
(13)
q =
Q2l2
6
= −Q
2
6Λ
. (14)
To obtain the roots of this polynomial we need to establish a lassiation riteria based on the parameter
H =
(p
3
)3
+
(q
2
)2
, (15)
and using the quantity
R = sign (q)
√
|p|
3
=
√
Ml2
3
. (16)
With these denitions the roots are parameterized by the auxiliarly angle φ, that depends on the values of p and H ,
and we an establish three ases.
31. Case I. p < 0 and H ≤ 0.
In this ase we have a negative osmologial onstant, Λ < 0 and
(−Ml2
3
)3
+
(
Q2l2
12
)2
≤ 0 (17)
Q4
16
≤ M
3l2
3
. (18)
Therefore, the ondition for this ase is given, in terms of the osmologial onstant, as
− 16M
3
3Q4
≤ Λ < 0. (19)
Under this ondition, the auxiliary angle is dened by
cosφ =
q
2R3
(20)
or
cosφ =
Q2
4Ml
√
3
M
(21)
and the roots are all real,
r1 = −2R cos
(
φ
3
)
(22)
r2 = −2R cos
(
φ
3
+
2pi
3
)
(23)
r3 = −2R cos
(
φ
3
+
4pi
3
)
. (24)
2. Case II. p < 0 and H > 0.
This time we also have a negative osmologial onstant, Λ < 0, but
(−Ml2
3
)3
+
(
Q2l2
12
)2
> 0, (25)
whih means
Q4
16
>
M3l2
3
. (26)
Then, the osmologial onstant must be suh that
Λ < −16M
3
3Q4
. (27)
In this ase, the auxiliary angle is dened by
4coshφ =
q
2R3
(28)
or
coshφ =
Q2
4Ml
√
3
M
(29)
and the roots are
r1 = −2R cosh φ
3
(30)
r2 = R cosh
φ
3
+ i
√
3R sinh
φ
3
(31)
r3 = r
∗
2 = R cosh
φ
3
− i
√
3R sinh
φ
3
. (32)
3. Case III. p > 0 and H > 0.
Sine M > 0, in this ase the osmologial onstant must be positive, Λ > 0, and
(
M
3Λ
)3
+
(
Q2
12Λ
)2
> 0 (33)
or
Λ > 0 > −16M
3
3Q4
. (34)
Sine the osmologial onstant in this ase is positive, this ondition is already fullled. The auxiliary angle is dened
by
sinhφ =
q
2R3
(35)
or
sinhφ =
Q2
4M
√
3Λ
M
(36)
and the roots are
r1 = −2R sinh φ
3
(37)
r2 = R sinh
φ
3
+ i
√
3R cosh
φ
3
(38)
r3 = r
∗
2 = R sinh
φ
3
− i
√
3R cosh
φ
3
. (39)
For the blak hole solution studied in this paper, the relevant ases are I and II, beause the osmologial
onstant must be negative (i.e. we onsider the harged-AdS spae). In ase I we have three real horizons, while in
ase II we have just one real horizon.
5Note that in ase I the limit ondition H = 0 denes a extreme blak hole with mass
Mmax =
3
√
3
16
Q4
l2
=
3
√
− 3
16
Q4Λ (40)
and with the horizons
r1 = −2R = −2
√
Ml2
3
(41)
r2 = r3 = R =
√
Ml2
3
. (42)
Note that r1 is negative, so do not represent a physial horizon (indeed it is always negative). Therefore, the blak
holes of ase I always have masses M ≤Mmax and only two physial horizons, r2 and r3, that, for the extremal blak
hole, oinide. The largest radius between r2 and r3 orresponds to the event horizon of the blak hole rH , while the
other orresponds to the inner horizon.
B. Heat Capaity
The heat apaity of this blak hole is dened by the relation
CQ =
(
∂M
∂T
)
Q
, (43)
thus, using (10) we obtain
CQ = 4pirH
(
12r3H −Q2l2
12r3H + 2Q
2l2
)
. (44)
Therefore, CQ is positive if
r3H −
Q2l2
12
> 0 (45)
or, using again equation (10), we onlude that the heat apaity is positive when the event horizon has a radius
rH that satises
rH >
Q2
4M
. (46)
II. THE FIRST LAW OF THERMODYNAMICS
In this setion we will dedue the rst law of thermodynamis for the three-dimensional blak hole with Coulomb-
like eletri eld using the eld equations near the horizon. First, we will dene the thermodynamial quantities in
terms of the mass of the blak hole given by equation (10). The surfae gravity at the horizon is
κ =
1
2
df
dr
∣∣∣∣
r=rH
=
rH
l2
− Q
2
12r2H
(47)
and the Hawking temperature an be expressed as
6T =
κ
2pi
=
rH
2pil2
− Q
2
24pir2H
. (48)
The Bekenstein-Hawking entropy is given by
S =
2pirH
4G
, (49)
where 2pirH is the perimeter of the horizon. Sine we are working in units suh that G =
1
8
, the entropy beomes
twie the perimeter,
S = 4pirH . (50)
The eletrostati potential at the horizon is dened in terms of the mass by
Φ =
∂M
∂Q
∣∣∣∣
r=rH
=
Q
6rH
. (51)
Now, the Einstein tensor has non-zero omponents
Gtt = G
r
r =
1
2r
df
dr
Gϕϕ =
1
r
d2f
dr2
.
Therefore, the (r, r) omponent of the eld equations is
Grr + Λg
r
r = piT
r
r (52)
and when this equation is evaluated at the horizon r = rH , we have
df
dr
∣∣∣∣
r=rH
− 2rH
l2
= 2pirHT
r
r , (53)
where we have used Λ = − 1l2 . The omponent T rr of the stress-energy tensor an be interpreted as the radial pressure
(T rr = −P ), then
df
dr
∣∣∣∣
r=rH
− 2rH
l2
= −2pirHP. (54)
To give a thermodynamial interpretation of this equation, we onsider a virtual displaement of the horizon, drH .
Thus, multiplying on both sides of the equation by this fator,
df
dr
∣∣∣∣
r=rH
drH − 2rH
l2
drH = −2pirHPdrH (55)
1
4pi
df
dr
∣∣∣∣
r=rH
d (4pirH)− 2rH
l2
drH = −d
(
pir2H
)
P. (56)
Using equation (10) as the denition of the mass on the horizon, we obtain the dierential
7dM =
2rH
l2
drH +
Φ
2
dQ, (57)
and the eld equation beomes
1
4pi
df
dr
∣∣∣∣
r=rH
d (4pirH)− dM + Φ
2
dQ = −d (pir2H)P. (58)
The denition of entropy and Hawking temperature, gives
TdS − dM + Φ
2
dQ = −PdA, (59)
where A is the area enlosed by the horizon. Thus, the eld equation takes the form
dM +
Φ
2
dQ = TdS +ΦdQ + PdA. (60)
The extra term at the left hand side is just the eletrostati energy enlosed by the horizon, and therefore, we identify
M +
Φ
2
Q = E (61)
as the total energy inside the horizon, and the eld equation takes the usual form of the rst law of thermodynamis,
dE = TdS +ΦdQ + PdA. (62)
III. THE Λ = 0 BLACK HOLE
If we onsider a zero osmologial onstant, Λ = 0, the resulting blak hole has interesting properties. The line
element beomes
ds2 = −
(
−M + Q
2
6r
)
dt2 +
dr2(
−M + Q2
6r
) + r2dϕ2, (63)
that shows how this spaetime is asymptotially at. This harged blak hole has just one horizon at
rH =
Q2
6M
. (64)
The surfae gravity at the horizon is given by
κ = − Q
2
12r2H
= −3M
2
Q2
(65)
and the Hawking temperature is negative,
T = − Q
2
24pir2H
= − 3M
2
2piQ2
. (66)
The posibility of a negative temperature has been assoiated with the existene of exoti matter, but as has been
shown by Cataldo et. al. [1℄, the non-linear eletrodynamis used as soure in the eld equation of this blak hole
8satises the weak energy ondition. However, a possibility of negative temperatures without exoti matter has been
propposed in the de Sitter geometry [7℄, but due to the thermodynamial instability of this spae, the negative
temperature is prohibited.
However, one proposal that works ne is to onsider, as reently done by Arraut, et. al. [8℄, the surfae gravity as
the absolute value
κ =
1
2
∣∣∣∣dfdr
∣∣∣∣ r=rH = Q
2
12r2H
=
3M2
Q2
. (67)
The reason for this eletion is the equivalene priniple beause, in this ase, the loal inertial observer is moving
while r inreases, thus, a stati observer has a negative salar aeleration.
On the other hand, the heat apaity for the Λ = 0 blak hole is given by
CQ = −piQ
2
3M
= −2pirH , (68)
i.e. minus the perimeter of the event horizon. Sine the heat apaity of this blak hole is always negative,
∂T
∂M < 0,
the behavior of T is the expeted, i.e. as M inreases, the temperature dereaes.
IV. CONCLUSION
We have studied the thermodynamis of the (2 + 1) dimensional blak hole with a Coulomb-like eletri eld,
obtained by the use of a non-linear eletrodynamis. By onsidering a virtual displaement of the horizon, we have
shown that the eld equations have a thermodynamial interpretation sine they an be rewritten as the dierential
form of the rst law,
dE = TdS + ΦdQ+ PdA, (69)
where E is the total energy inside the horizon (that orresponds to the mass of the blak hole plus the eletrostati
energy enlosed by the horizon). This fat shows how the thermodynamial properties are undoubtely related with
the presene of horizons and maybe, they are just a onsequene of the holographi properties of gravity. A further
study on this area is in progress.
Finally, using a zero osmologial onstant, Λ = 0, the solution beomes a blak hole with a negative Hawking
temperature and a negative heat apaity even though the non-linear eletri eld used as soure satises the weak
energy ondition and does not behave as exoti matter. In order to obtain a positive temperature, we use the
equivalene priniple to onsider the absolute value of the surfae gravity as the relevant quantity.
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